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We study the intriguing analogy between gravitational dynamics of the horizon and thermodynam-
ics for the case of nonstationary radiating spherically symmetric black holes both in four dimensions
and higher dimensions. By defining all kinematical parameters of nonstationary radiating black
holes in terms of null vectors, we demonstrate that it is possible to interpret the Einstein field
equations near the apparent horizon in the form of a thermodynamical identity TdS = dE + PdV .
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I. INTRODUCTION
The derivation of the thermodynamic laws of black
holes from the classical Einstein field equations suggests
a deep connection between gravitation and thermody-
namics [1]. For general static spherically symmetric and
stationary axisymmetric spacetimes, it was shown that
the Einstein field equations at the horizon give rise to
the first law of thermodynamics [2–5]. We start with a
brief review on the construction of the first law of ther-
modynamics for the static spherically symmetric black
hole solution (see [2, 5], for details), which is described
by the metric
ds2 = −f(r) dt2 +
1
f(r)
dr2 + r2dΩ2, (1)
where dΩ2 = dθ2 + sin2 θdφ2. Assuming that f(r) has
a horizon at r = rH , i.e., f(rH) = 0 and that f
′(rH) is
finite, then the nonvanishing surface gravity is given by
κ =
f ′(rH)
2
, (2)
where prime denotes ∂/∂(rH). The horizon has an as-
sociated temperature T = κ/2pi = f ′(rH)/4pi where κ
is defined in (2). The energy momentum tensor on the
horizon has the form,
T vv |r=rH = T
r
r |r=rH , (3)
The (r, r) component of the Einstein field equations [6]
for the metric (1), leads to
rf ′(r) − [1− f(r)] =
(
8piG
c4
)
Pr2, (4)
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where P = T rr is the radial pressure. Evaluating (4) at
r = rH , yields
c4
G
[
1
2
f ′(rH)rH −
1
2
]
= 4piPr2H , (5)
Considering drH as a virtual displacement near the hori-
zon and multiplying Eq. (5) by drH , we obtain
f ′(rH)
4pi
c4
G
d
(
1
4
4pir2H
)
−
1
2
c4drH
G
= Pd
(
4pi
3
r3H
)
, (6)
In the Einstein gravity, the thermodynamic entropy is
proportional to the horizon area
S =
c4
4G
(4pir2H) =
(
AH
4
)
c4
G
, (7)
where, AH is the area enclosed by the horizon. The en-
ergy and volume associated with the horizon are given
by
E =
c4
2G
rH =
c4
G
(
AH
16pi
)1/2
, (8)
and
V =
4pi
3
r3H , (9)
respectively. We note that Eq. (6) can be written as
dE + PdV = TdS. (10)
Thus, we find that the Einstein field equations can be
rewritten in the form of a thermodynamic identity near
the horizon. For general static, stationary axisymmet-
ric spacetimes and time dependent evolving horizons, it
was shown that the Einstein field equations at the hori-
zon also gives rise to the first law of thermodynamics
[6]. These results were extended to spherically symmet-
ric horizons in Lanczos-Lovelock gravity [7]; as well as
for f(R)-gravity [8]. In addition, the Friedmann equa-
tion can also be regarded as a thermodynamic identity
2at the apparent horizon [9]. The connection between the
first law of thermodynamics and the Friedmann equa-
tion at the apparent horizon was also found for gravity
with Gauss-Bonnet term as well as in the Lovelock the-
ory of gravity [10]. This thermodynamical analogy has
been demonstrated for various cases [2–9, 11] including
the BTZ black hole [12–14].
It would be interesting to further consider the gener-
alization of these analyses for the radiating black holes
to confirm whether the thermodynamic interpretation of
gravity is generic or just an artifact of static solutions.
It is the purpose of this paper to obtain, at the apparent
horizon, a thermodynamical identity from the Einstein
field equations for the case of nonstationary radiating
black holes which have dynamical horizons. In particu-
lar, we consider the case of radiating black holes, in 3+1
and N+1 dimensions, for which we demonstrate that the
Einstein field equations near the horizon can be written
in the form of a thermodynamical identity.
II. RADIATING BLACK HOLES IN 3+1
DIMENSIONS
We shall confine our attention to spherical radiating
black holes, for example, the Vaidya radiating black hole
[15] (see, [16, 17] for a review on Vaidya black hole). The
Vaidya radiating metric [15] is today commonly used for
two purposes: (i) as a testing ground for various formu-
lations of the cosmic censorship conjecture, and, (ii) as
an exterior solution in modeling stellar objects consist-
ing of a heat-conducting interior. It has also proved to be
useful in the study of Hawking radiation, the process of
black hole evaporation [18], and in the stochastic gravity
program [19].
The general spherically symmetric black hole emitting
energy into empty space (or radiating black hole) can be
described by a metric [17, 20, 21]
ds2 = −A(v, r)2f(v, r) dv2 + 2 A(v, r) dv dr + r2dΩ2
(11)
where 0 ≤ r ≤ ∞ is the radial coordinate, −∞ ≤ v ≤ ∞
is advanced time coordinate (v ∼= t+r), 0 ≤ θ ≤ 2pi is the
angular coordinate and A(v, r) is an arbitrary function.
Note that (∂/∂r) is a null vector. It is useful to introduce
local mass m(v, r) [20–22] by
f(v, r) = 1−
2m(v, r)
r
. (12)
For m(v, r) = m(v) and A = 1 the metric (11) reduces
to the Vaidya metric [15] which describes a radiating
black hole. Initially, m(v, r) =M = const.> 0 yields the
vacuum Schwarzschild solution in advanced time coordi-
nates. In this case, ∂/∂v is a Killing vector which is time-
like, null or space-like depending on r > 2M , r = 2M
or r < 2M , respectively. The null surface r = 2M is
the event horizon which is also the apparent horizon and
time-like limit surface (TLS) for the Schwarzschild black
hole. The Einstein field equations are
Rab −
1
2
Rgab =
8piG
c4
Tab, (13)
with Tab as the energy-momentum tensor of a null fluid
[16, 17, 23]
Tab = ψβaβa + (ρ+ P )(βalb + βbla) + Pgab, (14)
and ψ is the nonzero energy density of the null fluid. The
null vectors βa and la are defined by
βa = −δ
v
a, la = −
1
2
f(v, r)δva + δ
r
a, (15)
The part of the energy-momentum tensor, ψβaβa, can
be considered as the component of the matter field that
moves along the hypersurface v = const. [16, 23]. The
field equations obtained using the above equation are [17]
Grv =
1
r
∂f
∂v
, (16a)
Gvv =
1
r2
[
r∂f
∂r
− (1− f)
]
, (16b)
Grr =
1
r2
[
r∂f
∂r
− (1− f)
]
+
2
r
f
∂A
∂r
, (16c)
Gvr =
2
rA2
∂A
∂r
. (16d)
It is the field equation Gvr = 0 that leads to A(v, r) =
g(v). However, by introducing another null coordinate
v = g(v)dv, we can always set, without the loss of gener-
ality, A(v, r) = 1 [17] so that the spherically symmetric
spacetime (11) becomes
ds2 = −f(v, r)dv2 + 2dvdr + r2dΩ2. (17)
The Einstein field equations are given by Eq. (13). From
the (r, v) component of the field equations, i.e., Eq. (16a),
we obtain the energy density of null fluid [16, 17] as
ψ(v, r) =
1
r
∂f
∂v
. (18)
A. Horizon structure and deriving the
thermodynamical identity
The mass of the black hole is denoted by M(v) and is
defined as the value ofm(v, r) such that gvv = 0 [24]. One
can define the TLS as the locus where g(∂v, ∂v) = gvv = 0
with ∂/∂v being a timelike vector. We shall see that the
apparent horizon coincides with the TLS. The apparent
horizon is the outermost maximally trapped surface for
outgoing photons.
In order to discuss the thermodynamical nature of a
3 + 1 radiating black hole, we introduce its kinematical
parameters. We assume v =const. to be an in-going null
3surface with future-directed null tangent vector βa. We
define future-directed null geodesics by a tangent vector
la such that
lal
a = βaβ
a = 0, laβ
a = −1, la γab = 0. (19)
The metric v = const. will be two-dimensional, say γab
and let the spacetime metric be gab. Following York [24]
a null-vector decomposition of the metric (11) is made of
the form
gab = −βalb − laβb + γab, (20)
where,
γab = r
2δθaδ
θ
b + r
2 sin2(θ)δϕa δ
ϕ
b . (21)
The horizon structure is examined using null vectors βa
and la with vanishing angular components and normal-
ization βal
a = −1. For an outgoing null geodesic near
r = rTLS one has
dr
dv
=
1
2
f(v, r). (22)
Differentiating (22) with respect to v, near r = rTLS , we
obtain
d2r
dv2
=
1
2
∂f
∂v
+
1
2
∂f
∂r
dr
dv
. (23)
At TLS one has dr/dv = 0 and therefore d2r/dv2 ≥ 0
for ∂f/∂v > 0, which is also required for ψ(v, r) > 0.
Hence, photons will escape from r = rTLS and reach ar-
bitrarily large distances. Therefore, this surface is not an
event horizon but it is an apparent horizon. The optical
behavior of null geodesic congruence is governed by the
Raychaudhuri equation
dΘ
dv
= κΘ−Rabl
alb −
1
2
Θ2 − σabσ
ab + ωabω
ab, (24)
with expansion Θ, twist ω, shear σ, and surface gravity
κ. The expansion rate Θ of the null geodesic congruence
is then given by
Θ = Θaa = γ
ab∇alb. (25)
It then follows that
∇al
a =
∂la
∂xa
+ Γaacl
c = κ+Θ, (26)
and clearly in flat spacetime Θ vanishes. We rewrite (26)
as
Θ = ∇al
a − κ, (27)
where ∇ denotes the covariant derivative and κ is the
surface gravity expressed as:
κ = −βalb∇bla. (28)
Here we consider spherically symmetric, irrotational
spacetimes which are vorticity-free and shear-free and
hence the structure and dynamics of the apparent hori-
zon is only dependent on Θ. We note that the apparent
horizon must satisfy the requirement Θ ≃ 0 to order of
O(L), where L = −∂m/∂v < 1 is measured in the region
where d/dv is time-like [24]. The expansion of the null
rays parameterized by v is obtained by using Eq. (27).
The expansion Θ is given by
Θ =
f(v, r)
r
.
Recall at TLS we also have
Θ = 0, (29)
thus the apparent horizon and TLS coincide. Evaluating
the surface gravity using Eq. (28), and substituting the
condition of the horizon leads to
κ =
1
2
∂f(v, rH)
∂r
. (30)
The surface gravity is related to Hawking temperature of
black hole via T = κ/2pi [24], which leads to
T =
1
4pi
∂f(v, rH)
∂r
. (31)
Thus we have defined all kinematical parameters to dis-
cuss thermodynamics. Next, we turn our attention to ob-
tain a thermodynamical identity from the Einstein field
equations for a radiating spherically symmetric space-
time. Henceforth, we mainly follow the approach of
Kothawala et al. [6]. The field equations for the met-
ric (17) are evaluated using Eq. (13), and it is found that
the components Gvv and G
r
r of the Einstein tensor are
equal and is given by
Gvv = G
r
r =
1
r
∂f(v, r)
∂r
−
1
r2
+
f(v, r)
r2
. (32)
Note that at the apparent horizon, the expansion Θ = 0,
which implies f(v, rH) = 0. Therefore at r = rH we get
Gvv|r=rH = G
r
r|r=rH =
1
rH
∂f(v, rH)
∂rH
−
1
r2H
=
8piG
c4
T rr |r=rH ,
(33)
where T rr |r=rH = P is the radial pressure of matter at
the horizon. We note that Eq. (33) guarantees T vv = T
r
r
at the horizon. Thus, Eq. (33) can be rewritten as:
− 1 + rH
∂f(v, rH)
∂rH
=
8piG
c4
r2HP. (34)
Now taking drH as a virtual displacement near the ap-
parent horizon and multiplying Eq. (34) by drH on both
sides we obtain
− drH + rHdrH
∂f(v, rH)
∂rH
=
8piG
c4
r2HPdrH ,
(35)
4which can be recast as[
1
4pi
∂f(v, rH)
∂rH
]
d
(
pir2H
) c4
G
− d
(rH
2
) c4
G
= P (4pir2HdrH). (36)
If we now identify
S =
1
4
(4pir2H)
c4
G
=
(
AH
4
)
c4
G
,
E =
c4
2G
rH , dV = 4pir
2
HdrH ,
as the entropy, energy and change in volume near the
horizon respectively, we can clearly see that (36) has the
form
TdS[rH(v)]− dE[v, rH(v)] = PdV, (37)
which is the first law of thermodynamics. Hence, we
find that at the horizon the Einstein field equations can
be written in the form of a thermodynamical identity
dE + TdS = PdV .
III. (N + 1)− DIMENSIONAL RADIATING
BLACK HOLES
In this section, we extend the above analysis to spher-
ically symmetric (N + 1)− dimensional radiating black
holes. It may be pointed out that recent years witnessed a
resurgence of interest in higher dimensional black holes as
they exhibit richer structure [25] or may also be tested at
the Large Hadron Collider (LHC) [26] (see, e.g., [27, 28]
for a review on higher dimensional radiating black holes).
The metric in (N + 1)− dimensional spacetime reads
[27, 28]
ds2 = −f(v, r) dv2 + 2 dv dr + r2dΩ2N−1, (38)
where,
dΩ2N−1 = dθ
2
1 + sin
2 θ1dθ
2
2 + sin
2 θ1 sin
2 θ2dθ
2
3
+ . . .+

 N∏
j=1
sin2 θj

 dθ2N−1. (39)
As in, 3+1 dimensions, v is a null coordinate with −∞ <
v <∞, and r is a radial coordinate with 0 ≤ r <∞. As
in the previous section, we introduce local mass in the
higher dimensional case [28]
f(v, r) = 1−
µ(v)
r(N−2)
. (40)
Here the parameter µ(v) is related to the mass m(v) via
the relation
m(v) =
(N − 1)
16pi
AN−1µ(v). (41)
All the null vectors defined in the previous section carry
over to higher dimensions. The expansion, in higher di-
mensions, reads
Θ =
(N − 1)
2r
f(v, r). (42)
However, the surface gravity and temperature in N + 1
dimensions still obey the formulae given in the previous
section. The analysis of the apparent horizon is similar to
the 3+1 dimensions case. It is evident that the apparent
horizon is defined as surface where Θ vanishes, such that
Θ ≃ 0 which implies f(v, rH) = 0.
The Einstein field equations for the metric (38) are
calculated and it is found that the component Gvv and
Grr are given by
Gvv = G
r
r =
(N − 1)
2r2
[
r
∂f
∂r
− (N − 2)(1− f)
]
. (43)
We know that at the apparent horizon f(v, rH) = 0 which
allows us to write (43) as
Gvv|r=rH = G
r
r|r=rH =
(N − 1)
2r2H
[
rH
∂f
∂rH
− (N − 2)
]
=
8piG
c4
T rr |r=rH ,(44)
where T rr |r=rH = P is the radial pressure of matter at
the horizon. We note that Eq. (44) guarantees T vv = T
r
r
at the horizon. It follows that
(N − 1)
2r2H
[
rH
∂f
∂rH
− (N − 2)
]
=
8piG
c4
P, (45)
valid at the horizon. As before, taking drH as a virtual
displacement near the apparent horizon and multiplying
Eq. (45) by drH on both sides we obtain
(N − 1)
2r2H
[
rH
∂f
∂rH
− (N − 2)
]
drH =
8piG
c4
PdrH . (46)
Multiplying Eq. (46) by ((N − 1)AN−1r
N−3
H drH)/16pi,
where
AN−1 =
2pi(N)/2
Γ(N)/2
we obtain[
(N − 1)AN−1r
N−3
H drH
16pi
]
(N − 1)
2rH
∂f
∂rH
−
[
(N − 1)AN−1r
N−3
H drH
16pi
]
(N − 1)(N − 2)
2r2H
=
8piG
c4
P
[
(N − 1)AN−1r
N−3
H drH
16pi
]
,
5which can be recast into
1
4pi
∂f
∂rH
d
[
rN−1H AN−1
4
](
c4
G
)
− d
[
(N − 1)AN−1r
N−2
H
16pi
]
×
(
c4
G
)
= P
[
(N − 1)AN−1r
N−3
H drH
]
.
On rearranging terms, we arrive at the equation
TdS − dE = PdV, (47)
which is identical to the first law of thermodynamics.
Thus, we find that at the apparent horizon the Einstein
field equations for radiating spacetimes can be written in
the form of a thermodynamical identity dE+TdS = PdV
where,
S =
rN−1H AN−1
4
(
c4
G
)
, E =
(N − 1)AN−1r
N−2
H
16pi
(
c4
G
)
,
dV = (N − 1)AN−1r
(N−3)
H drH ,
are the entropy, energy and change in volume near the
horizon, respectively.
IV. CONCLUSION
It is well-known that black hole thermodynamics im-
plies the existence of a deep relationship between grav-
ity theory and the laws of thermodynamics. One can
demonstrate that at the horizon for spherically symmet-
ric static black holes, the field equations can be written as
the first law of thermodynamics. In this paper, we have
generalised the treatment to spherically symmetric non-
stationary radiating black holes. It turns out that at the
apparent horizon the Einstein field equations describing
spherically symmetric radiating black holes can be writ-
ten in the form dE + TdS = PdV which is first law of
thermodynamics where E, T, S, P and V are defined as
energy, temperature, entropy, pressure and volume re-
spectively. These quantities are defined in terms of null
vectors using the definition suggested by York [24]. We
have shown this intriguing analogy between horizon ther-
modynamics and gravitational dynamics for nonstation-
ary radiating black hole in 3 + 1 and N + 1 dimensions.
We note that the thermodynamical identity we derived
for a radiating black hole is in a different setting than
earlier studies [6] and yet interestingly leads to the same
identity, which indicates that the thermodynamical in-
terpretation is generic in nature which points to a deep
connection between gravity and thermodynamics.
It will be of further interest to extend the present anal-
ysis, i.e., radiating black hole models, to the case of axis
symmetry and also to various modified theories of grav-
ity. It may also be of interest to associate these results
with holographic properties of gravity. These and related
issues will be the subject of future projects.
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